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Abstract
Let X be a real symmetric matrix indexed by the vertices of a graph G such that all its diagonal
entries are 1, Xij = 0 whenever vertices i; j are non-adjacent and |Xij|6 1 for all other entries
of X . Let r(G) be the minimum possible rank of the matrix X . Then (G)6 r(G)6 /(G). It
is well known that there is no upper bound on /(G) in terms of (G). For every natural k¿ 2
there exists graph G such that (G) = 2 and /(G) = k. So it is interesting to 3nd out whether
there is an upper bound on /(G) in terms of r(G). It is proved here that r(G) = i i4 d(G) = i
for i6 3. Here d(G) is the minimum dimension of the orthonormal labellings of G. Hence, if
r(G)6 3 then /(G)6 2r(G)−1.
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1. Introduction
There are a few well-known graph functions which can be represented in terms of
minimum rank of a matrix associated with graph. Two such functions will be mentioned
here.
The 3rst one is the minimum dimension of orthonormal labellings of the graph. An
orthonormal labelling of dimension d of the graph G = (V; E), V = {1; : : : ; n} is a
mapping
u : V → Rd;
such that ui ·uj=0 whenever vertices i; j are non-adjacent, and |ui|=1 for all i∈V . Let
d(G) denote the minimum dimension of orthonormal labellings of graph G. Lov<asz
studied this function in connection with his well-known (G) function [9]. This theta
function is computed in polynomial time and is “sandwiched” between the size (G)
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of the largest stable set in G and minimum number /(G) of cliques that cover all
vertices of the graph. Lov<asz showed that (G) is not greater than d(G) so
(G)6 (G)6d(G)6 /(G):
It is obvious that d(G) can be represented in terms of the minimum rank of a matrix
associated with G. Let
A¡0(G) = {X : X ∈Rn×n; X = X T; X ¡ 0; I − A(G)6X 6 I + A(G)};
where Rn×n is set of all real n × n-matrices, I is the identity matrix, A(G) is the
adjacency matrix of G, relation 6 denotes componentwise inequality and X ¡ 0
means that X is positive semide3nite. Then
d(G) = min
X∈A¡0(G)
rk(X ):
The second graph function which will be mentioned is the well-known Colin de
VerdiIere number (G) [1]. This function relates to topological properties of the graph.
For example, a graph G is planar i4 (G)6 3.
Kotlov et al. [8] studied this function and showed in particular that for every graph
G di4erent from /K2
(G) = n− ( /G)− 1;
where for given graph H=(V; F), |V |=n, (H) is the minimum rank of any symmetric
n× n matrix A with the following properties:
1. Aij = 1 if ij∈F and Aij ¡ 1 if ij∈ /F ;
2. A¡ 0;
3. if X is a symmetric n×n matrix such that Xij=0 for ij∈ /F∪{ii; i∈V} and AX =0,
then X = 0.
Some other classes of matrices associated with graphs are studied in this paper. Let
A(G) = {X : X ∈Rn×n; X = X T; I − A(G)6X 6 I + A(G)}
be our base class. Two following classes are subclasses of the base one: class of
non-negative matrices
A¿0(G) = {X : X ∈A(G); X ¿ 0}
and class
C(G) = {X : X ∈A(G); X = BBT; B¿ 0}:
Hence,
C(G) ⊂A¿0(G) ∩A¡0(G):
Let r(G) and r+(G) be the graph functions equal to the minimum rank of a matrix
from A(G) and A¿0(G), respectively. Note that it is not necessary to propose a new
name for a function which is equal to the minimum rank of a matrix from C(G)
because of the following theorem [2].
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Theorem 1. For every graph G
/(G) = min
X∈C(G)
rk(X ):
It is obvious that both functions r(G) and r+(G) are “sandwiched” between (G)
and /(G)
(G)6 r(G)6d(G); r+(G)6 /(G):
Lemma 2. For every graph G (G) = r(G) implies (G) = d(G).
Proof. Let (G) = r(G) = k; X ∈A(G) and rk(X ) = k. Without loss of generality we
may suppose that
X =
(
Ik Y
Y T Z
)
and Z = Y TY . Hence,
X =
(
Ik
Y T
)
( Ik Y )
and the columns of the matrix ( Ik Y ) present an orthonormal labelling of dimension
k of graph G. Hence d(G) = k.
It was shown in [3] that there is a graph H such that
(H)¡r+(H)¡ /(H)
and the following theorem was proved.
Theorem 3. For every graph G (G) = r+(G) implies (G) = /(G).
The last theorem cannot be extended to functions r(G) and d(G) [4]. There is a
graph  on 13 vertices such that ()= r()=d()=3, but /()=4. The following
theorem [4] presents a class of graphs for which the statement of the previous theorem
can be extended to r(G) and, hence, d(G) functions.
Theorem 4. If graph G is free of two chordless cycles C4 with a common edge then
(G) = r(G) implies (G) = /(G).
It is well known that there is no upper bound on /(G) in terms of (G). For every
natural k¿ 2 there exists graph G such that (G) = 2 and /(G) = k.
So it is interesting to 3nd out whether there is an upper bound on /(G) in terms of
r(G).
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Lov<asz and Kotlov showed in [7,5] that the number of vertices in a twin-free graph
is O(2r=2) and the chromatic number of a graph is o( r); where r is the rank of the
adjacency matrix and  = 43 . Hence,
/(G) = o( rk(I+A(G))):
But the di4erence rk(I+A(G))−r(G) can be arbitrary large. For example, let G= /Pn be
the complement of a path with n vertices. Then rk(I+A(G))¿ n−1, but r(G)=2. It is
proved here that r(G)=i i4 d(G)=i for i6 3. Hence, if r(G)6 3 then /(G)6 2r(G)−1.
The latter follows from the result from [6].
Theorem 5. Let u1; : : : ; un be a d-dimensional orthonormal labelling of G and let
b1; : : : ; bk be an orthogonal basis of some linear space L ⊂ Rd such that ui · bj¿ 0
for all i = 1; : : : ; n and all j = 1; : : : ; k. Then /(G)6 k + 2d−k :
Proof. Without loss of generality, suppose that exactly the 3rst m of the vectors
u1; : : : ; un lie in L (m¿ 0). We could color these vectors in at most k colors, as
follows: for each i6m; ui gets the color ‘ where ‘ is the least integer such that
ui · b‘ ¿ 0. Further, we could color the last n−m vectors in at most 2d−k other colors.
Indeed, let bk+1; : : : ; bd be a general-position orthogonal basis of the orthogonal com-
plement of L. Then the function c : ui → (sign(ui · bk+1); : : : ; sign(ui · bd)) de3nes a
proper coloring of um+1; : : : ; un in /G in at most 2d−k colors, as claimed.
Corollary 6. In the above notation, /(G)6min{k; m}+min{n− m; 2d−k}.
Without loss of generality, we may suppose that k = 1 and m = 0. Hence /(G)6
2d(G)−1.
All functions studied in this paper are sandwiched between (G) and /(G). It should
be noted here that there are some graph functions which like (G) are semide3nite
programming bounds on (G). Szegedy [10] established some relations between these
functions, (G); (G) and /(G).
2. Main result
Let G be a graph with vertex set V (G) = {1; : : : ; n} and edge set E(G).
Theorem 7. r(G) = i i7 d(G) = i for i6 3.
Proof. r(G) = 1⇔ (G) = 1⇔ d(G) = 1⇔ r+(G) = 1.
Let d(G) = 2. Then, on one hand, (G)¿ 2 by the previous line and, on the other
hand, /(G)6 2d(G)−1 = 2. Hence, 2 = (G) = r(G) = d(G) = r+(G) = /(G).
Let r(G)=2. Then (G)=2 and by Lemma 2 we have d(G)=2. Hence, 2=(G)=
r(G) = d(G) = r+(G) = /(G).
Let d(G) = 3. Then r(G) = 3 because otherwise d(G) should be less than 3.
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Let r(G) = 3. Then 26 (G)6 3.
Let (G) = 2; X ∈A(G) and rk(X ) = 3. Denote by G[X ] the subgraph of graph G
which contains edge ij i4 Xij = 0.
Let
V (G) = V1 ∪ · · · ∪ Vm;
where
• Vi ∩ Vj = ∅ if i = j,
• Xik = 0 i4 Xjk = 0 for every k ∈{1; : : : ; n} if i; j∈Vl; l∈{1; : : : ; m};
• there exists k ∈{1; : : : ; n} such that Xik = 0 and Xjk = 0 or Xik = 0 and Xjk = 0 if
i∈Vl′ ; j∈Vl′′ and l′ = l′′.
Hence, every vertex set Vi induces a maximum by inclusion complete subgraph in
G[X ] such that neighbor sets of all vertices from Vi are the same in G[X ].
Let vi ∈Vi; i∈{1; : : : ; m} and
X ′ = X
( v1 ; :::; vm
v1 ; :::; vm
)
where X
(
i1 ; :::; ik
j1 ; :::; jl
)
is the submatrix of the matrix X spanned by the rows i1 through ik and
columns j1 through jl. Hence, for every pair i; j∈{1; : : : ; m} there exists k ∈{1; : : : ; m}
such that Xvi;vk = 0 and Xvj;vk = 0 or Xvi;vk = 0 and Xvj;vk = 0.
It is obvious that (G)6 rk(X ′) = rk(X ) while d(G[X ′])¿d(G) and r+(G[X ′])
¿ r+(G).
Without loss of generality we suppose that V (G[X ′]) = {1; : : : ; m}, and 12 ∈ E
(G[X ′]), 23 ∈ E(G[X ′]), 13∈E(G[X ′]). Indeed, if for every pair i; j of non-adjacent
vertices of graph G[X ′] these vertices are adjacent to all other vertices of G[X ′] then
d(G[X ′])=2 and, hence, d(G)=2. On the other hand, if 13 ∈ E(G[X ′]) then (G)=3.
Hence,
X ′ =




1 0 x
0 1 0
x 0 1

 Y ′
Y ′T Z ′

 :
Let |x|¡ 1. Then the matrix

1 0 x
0 1 0
x 0 1


is positive de3nite, X ′ is positive semide3nite and, hence, X ′ = FTF , where F is a
3×m matrix. The columns of the matrix F present an orthonormal labelling of G[X ′].
This labelling can be extended on the graph G. Hence, d(G) = 3.
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Let |x|=1. Then |X ′
(
1;2;3
1;2;3
)
|=0. Without loss of generality we suppose |X ′
(
2;3;4
2;3;4
)
|=0.
Then
X ′
(
1;2;3;4
1; :::;m
)
=


1 0 x y1 · · ·
0 1 0 y2 · · ·
x 0 1 y3 · · ·
y1 y2 y3 1 · · ·

 :
The rank of the matrix X ′
(
1;2;3;4
1; :::;m
)
is equal to 3 and to the rank of the matrix

0 0 0 z · · ·
0 1 0 y2 · · ·
0 0 1 y3 · · ·
z y2 y3 1 · · ·

 ;
which is derived from previous matrix by subtraction of third row and column mul-
tiplied by x from the 3rst row and column. The rank of result should be equal to 3,
so all entries of the 3rst row in result should be equal to 0. Hence, vertices 1 and 3
belong to the same vertex set Vi. This contradiction implies |x| = 1.
Let (G) = 3. Then d(G) = 3 by Lemma 1.
Corollary 8. If r(G)6 3 then /(G)6 2r(G)−1.
Corollary 9. If d(G) = 4 then r(G) = 4.
Corollary 10. If r+(G) = 3 then d(G) = 3.
Note that the reverse is not true. In case of above-mentioned graph  we have
d() = 3 and /() = 4. Hence r+() = 4 by Theorem 3.
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